Abstract: Using Green type map we can find sufficient conditions under which a quasilinear equation is dynamically equivalent to its corresponding linear equation. This result extends Grobman -Hartman theorem for equations without ordinary dichotomy.
Introduction
The global version of classic D.M. Grobman -P. Hartman theorem [1] , [2] , [3] states that in R n a system of differential equationṡ
is globally dynamically equivalent to the system of linear differential equations [4] extended the theorem to systems of nonautonomous differential equations. He considers the case when the corresponding system of linear differential equations (3) has an exponential dichotomy [5] .
Recently Grobman-Hartman-Palmer linearization theorems have been extended to systems of differential equations in R n with generalized exponential and ordinary dichotomy in papers [6] , [7] , [8] , [9] , [10] , [11] .
In this work we generalize these results, even for R n , by relaxing conditions on the linear part A while strengthening conditions on the nonlinear part f . We use Green type map and integral functional equation technique [12] , [13] , [14] to substantially simplify the proof. Moreover, we use completely different method to prove the dynamical equivalence. Furthermore, for more general point of view, we consider nonautonomous differential equations and nonautonomous difference equations in an arbitrary Banach space. To highlight our improvement comparing to previous results, we use an example where the linear part of the differential equation even does not possesses an ordinary dichotomy.
Using a suitable bump function and change of variables, it is possible to reduce the analysis of local equivalence of equations to investigation of the global equivalence of equations.
Main Result and Proof
Let X be a Banach space and let L(X) be the Banach space of bounded linear maps. Consider the quasilinear differential equationṡ
on X, where A : R → L(X) is integrable in the Bochner's sense. Suppose, in addition, that maps f i : R × X → X, i = 1, 2 are locally integrable in the Bochner's sense with respect to t for fixed x, satisfy Lipschitz conditions
and sup
where N : R → R + and ε : R → R + are integrable scalar functions. Let
, be the solutions of equations (1), (2) respectively where
Definition 1. The differential equations (1) and (2) are globally dynamical equivalent if there exists a continuous map H : R × X → X such that
except for t = s;
where I is identity map.
Note that the differential equation (3) has infinitely many Green type maps. But if the linear differential equation (3) has an exponential dichotomy then, moreover, there exists an unique Green type map which satisfies the inequality
Therefore the Green type map can be represented in the form
where U (t, s) is the evolution operator of (3). Let us note that
and the solutions of (1) and (2) can be represented in the form
Theorem 3. Suppose that the linear differential equation
Then the systems of differential equations (1) and (2) are globally dynamical equivalent.
Proof. Consider the set of continuous, bounded maps
It is easy to see that M is a Banach space with the supremum norm
We will seek the map establishing the equivalence of (1) and (2) in the form H(s, x) = x + h(s, x). We examine the following integro-functional equation
−f 1 (τ, x 1 (τ, s, x))) dτ.
Let us consider the map h → Th, h ∈ M defined by the equality
Because of boundedness, Lipschitz condition and conditions of the Theorem 3, also Th ∈ M. Next we get
where q < 1. Thus the map T is a contraction and consequently the integrofunctional equation (4) has a unique solution in M.
We have
Consequently, we have
Changing the roles of f 1 and f 2 , we prove in the same way the existence of h ′ (s, x) that satisfies the equality
Taking into account uniqueness of maps H ′ (t, H(t, ·))−I and H(t, H ′ (t, ·))− I in M we have H ′ (t, H(t, ·)) = I and H(t, H ′ (t, ·)) = I and therefore H(t, ·) is a homeomorphism establishing a dynamical equivalence of the (1) and (2).
Let f 2 (t, x) = 0. Then Theorem 3 implies that differential equations (1) and (3) are globally dynamical equivalent.
Invertible Difference Equations
We generalize this result for invertible semilinear difference equations
and
on X, where the map A(t) ∈ L(X) is invertible, the maps f i : Z × X → X, i = 1, 2, satisfy the estimates
and sup t A −1 (t) ε(t) < 1.
Definition 4. The difference equations (5) and (6) are globally dynamical equivalent if there exists a continuous map H : Z × X → X such that (i) for each fixed t ∈ Z map H(t, ·) : X → X is a homeomorfism;
(ii) sup t,x |H(t, x) − x| < +∞;
(iii) for all t ∈ Z H(t, x 1 (t, s, x s )) = x 2 (t, s, H(s, x s )).
(ii) G(t, t) = A(t)G(t − 1, t) + I.
Theorem 6. Suppose that the linear difference equation
has a Green type map G(t, s) ∈ L(X) such that Proof. To prove Theorem 6, we prove that the following functional equation
has unique continuous and bounded solution. The proof is similar to the proof for differential equations.
Example
Consider the system of quasilinear differential equations in R 3
where 
The system (9) does not even have an ordinary dichotomy [5] .
